Active and sterile neutrino oscillations inside the Sun in a phenomenological (3+1+2)-model A generalized model with three active and three sterile neutrinos is considered on the basis of the experimental data, which allow existence of anomalies beyond the minimally extended Standard Model with three active neutrinos with different masses. One of the sterile neutrinos is assumed to be comparatively heavy versus two others [(3 + 1 + 2)-model]. The basic characteristics used for the description of oscillations of both active and sterile massive neutrinos, as well as estimations of the neutrino masses and unknown parameters of mixing of active and sterile neutrinos are given. In the approximation of CP-conservation, the solar neutrino oscillation characteristics together with the sterile neutrino contributions are evaluated taking into account the neutrino interaction with the matter inside the Sun. The considered model and the results obtained can further be used for the interpretation and prediction of the results of the oscillation neutrino experiments in astrophysical and terrestrial environments, and in particular, for determination of flavour flows of the neutrinos from Supernovae.
I. INTRODUCTION
Investigation of spectral characteristics of neutrino emitted in the Sun and Supernovae is among the basic methods for adequate description of the processes that happen during their evolution. It is known that solution of the solar neutrino deficit problem with the Mikheev-Smirnov-Wolfenstein (MSW) effect resulted in experimental discovery of neutrino oscillations, confirmation of the Standard Solar Model (SSM) and existence of the neutrino masses. At present, determination of a number of different types of neutrino as well as the values of their mass characteristics and mixing parameters is the actual problem of the neutrino physics. The values of the oscillation and mass characteristics are needed for correct description of the processes of neutrino interaction with matter in astrophysical and terrestrial environment. As is expected, an exhaustive solution of the problems of neutrino nature, a number of their types and values of mixing parameters will be given in the Grand Unification Theory (GUT), for which a generally accepted version is not available now [1] . In a search of right direction of further development of the Standard Model (SM) of the fundamental interactions, the results of numerous phenomenological models, which use precise experimental data [2] are investigated. In the framework of these models, the approximate values of the neutrino masses and mixing parameters together with their interconnections * khru@imp.kiae.ru † fomichev@imp.kiae.ru can be obtained, that will lead to successful development of the SM and GUT creation. At that, the results of both the carried out and the planned experiments such as PLANK, KATRIN, GERDA, CUORE, BOREXINO, Double CHOOZ, SuperNEMO, KamLand-Zen, EXO, etc will have a decisive importance.
During the past years, a number of new interesting experimental results were obtained in the neutrino physics. Among these results, one can refer the experimental indications on possible presence of new anomalies for the neutrino and antineutrino fluxes in different processes, which cannot be explained by the oscillations of only three active neutrinos [3] . This result can be connected with existence of light sterile neutrinos, which are beyond not only the SM but also the minimally extended Standard Model (MESM) with three active neutrinos with different masses. The experimental indications result in the approximate value of the sterile neutrino mass scale about 1 eV. More detailed discussion on the possible sterile neutrinos existence can be found in numerous papers (see, e.g., Refs. [4] [5] [6] ).
Sterile neutrinos, which do not interact with the known fundamental particles can be numerous, in principle. At present, the most popular phenomenological schemes are (3 + 1)-and (3 + 2)-models [7, 8] with one or two sterile neutrinos, so the MESM can be called as the (3 + 0)-model. However, if to take into account the possible existence of the left-right symmetry of the weak interaction and to identify the sterile neutrinos with SU (2) L -singlet right neutrinos one can conclude that three sterile neutrinos should exist. Thus, it is necessary to consider less popular (3 + 3)-models. These models are less popular due to following reasons. In the first place, it is sufficient to introduce only one or two sterile neutrinos for description of the experimentally observed anomalies for the neutrino fluxes. In the second place, the recent data on cosmic background radiation and its fluctuations restrict a number of new neutrino types [8, 9] . On the other hand, as it was mentioned above the models with the left-right symmetry should contain three sterile neutrinos [10, 11] . Models with three sterile neutrinos were considered in Ref. [12] , and a model with a light sterile neutrinos with a mass of the order of masses of active neutrinos were considered in Ref. [13] . In the current paper we consider the phenomenological (3 + 1 + 2)-model with one comparably heavy sterile neutrino and two light sterile neutrinos [10] . In the framework of this model the survival and appearance probabilities for neutrinos of different flavours are evaluated when neutrinos interact with the matter inside the Sun. Note that the number of sterile neutrinos can be reduced if it will be required for concordance with the cosmological data [8, 9] . However, the possibility still exists to keep the number of sterile neutrinos equal to three with the help of reducing the couplings between the sterile and active neutrinos and, possibly, refusing from the thermal equilibrium condition between the sterile neutrinos and other relativistic particles during the some period of life of early Universe [14] [15] [16] .
In the current paper, the (3 + 1 + 2)-model is used mostly for solution of two problems, namely, what should be a formalism that allows one to include sterile neutrinos in a generalized weak interaction model for description of the anomalies mentioned above and how the oscillation processes are modified when both the active and the sterile neutrinos interact with a matter. The latter question is considered for a neutrino interacting with the matter inside the Sun.
The paper is organized as follows. In Sec. II, the oscillation characteristics used for the description of both the Dirac and the Majorana massive neutrinos, as well as available experimental data for these characteristics are given. For the latter, the possible anomalies beyond the MESM are indicated. In Sec. III, the basic statements of the phenomenological (3 + 1 + 2)-model are presented. Phenomenological estimations for the masses of both the active and the sterile neutrinos are presented in Sec. IV. In Sec. V, the characteristics of the oscillation processes when both the active and the sterile neutrinos interact with the matter inside the Sun are evaluated. The results obtained are given in graphical form for the survival and appearance probabilities versus the neutrino energy for neutrinos of different flavours (including the sterile ones) emitted from the Sun. The results of the paper, which can be used for the interpretation and prediction of the results of various neutrino experiments with allowance for the contributions of the sterile neutrinos in the Sun are discussed in Sec. VI. Further modification of the considered model will be used elsewhere to evaluate the neutrino fluxes with different flavours in Supernovae.
II. OSCILLATION CHARACTERISTICS OF THE DIRAC AND MAJORANA MASSIVE NEUTRINOS
As is well known, the oscillations of the solar, atmospheric, reactor and accelerator neutrinos can be explained by mixing the several neutrino states with different masses. It means that the flavour states of neutrino are the mix, at least, of three massive neutrino states, and vice versa. The active neutrino mixing is generally described by the 3 × 3 Pontecorvo-Maki-Nakagawa-Sakata matrix U PMNS ≡ U = V P , which enters the relation
where ψ αL and ψ iL are the left chiral flavor or massive neutrino fields, respectively, with α = {e, µ, τ } and i = {1, 2, 3}, and summation over repeated indices is implied. The matrix V can be written in the standard parametrisation [1] as
through the quantities c ij ≡ cos θ ij and s ij ≡ sin θ ij , and with the phase δ CP associated with the Dirac CP-violation in the lepton sector.
On the other hand, the 3 × 3 matrix P is the diagonal one, P = diag 1, e iαCP , e iβCP , with α CP and β CP the phases associated with the Majorana CP-violation.
Based only on the oscillation experiments with atmospheric, solar, reactor and accelerator neutrinos it is impossible to determine the neutrino mass absolute values, as well as the type, either Majorana or Dirac, of the neutrino. However, the experimental data obtained in the neutrino oscillation experiments give evidence of violation of the conservation laws for the leptonic numbers L e , L µ , L τ , and, besides, by virtue of deviation from zero of two oscillation parameters ∆m Below, we present the experimental values of the mixing angles and the oscillation parameters, which determine three-flavor oscillations of the light active neutrinos. Together with the standard uncertainties on the level of 1σ, these data obtained as a result of a global analysis of the latest high-accuracy measurements of the oscillation parameters are as follows [2] sin 2 θ 12 = 0.307 
Since only the absolute value of ∆m 2 31 is known, it is possible to arrange the absolute values of the neutrino masses by two ways, namely, as
These two cases correspond to so called the normal hierarchy (NH) and the inverse hierarchy (IH) of the neutrino mass spectrum, respectively. Unfortunately, the CP-violating phases α CP , β CP and δ CP , as well as the neutrino mass absolute scale are unknown at present. A number of neutrino experiments at small distances (or, more exactly, at distances L, for which the numerical value of parameter ∆m 2 L/E, with E the neutrino energy, is of the order of unity) indicate the possible existence of light sterile neutrinos with masses of the order of 1 eV [3] . The reliable discovery of such sterile neutrinos would be a fundamental contribution to the physics of weak interactions. In the meantime, sterile neutrinos are involved to explain a series of experimental data, which cannot be explained within the three-flavor model of mixing of active massive neutrinos. Firstly, it is so-called LSND/MiniBooNE anomaly [17, 18] . Besides, more accurate calculations of the spectra of reactor antineutrinos were recently carried out [19] that results in the higher calculated values of fluxes of these particles. Hence the experimental data indicate the deficit antineutrinos under the measurements of their flux at distances from the source less than 100 m. Such distances are called as small ones and the experiments at such distances are called as SBL (shot baseline) experiments. Possible shortage of reactor antineutrinos at small distances is called as the reactor anomaly [20] . Similar anomalies were observed also under calibration measurements for the experiments SAGE and GALLEX. Such anomalies generally called as gauge or gallium [21] [22] [23] . The typical values of ∆m 2 for expected sterile neutrinos in all cases are of the order of 1 eV 2 . Thus, currently existing three types of anomalies for neutrinos fluxes (LSND/MiniBooNE, reactor, gallium) can be interpreted as evidences for the existence of relatively light sterile neutrinos.
In astrophysics, sterile neutrinos can be the reason of absence of the sharp reducing the survival probability of electron neutrinos in the solar neutrino spectrum at energies of a few MeV, which is predicted by the theory of the MSW-effect on the basis of the SSM. As is shown in Ref. [13] , the presence of light sterile neutrinos would result in a flattening of the spectrum of solar neutrinos.
In the following, we consider the phenomenological (3 + 1 + 2)-model of neutrino [10] , which is used for inclusion of sterile neutrinos in the formalism of the theory of weak interactions and for explanations of flavor characteristics of the spectra of solar neutrinos. In the further development, the model can be used to characterize the neutrino fluxes emitted after the gravitational collapse of a supernova. This model contains three active light neutrinos and three sterile neutrinos, from which one sterile neutrino is relatively heavy, and the two other are light sterile neutrinos. Allowing for all the cosmological limits on the total number of neutrinos [8, 9] , the number of sterile neutrinos can be reduced in the model, but such reduction must be only due to the forcible reasons. It is necessary to take into account that the results obtained on the basis of observational data concerning the cosmological limits on the total number of neutrinos are modeldependent, so more research is needed associated with the development of the cosmological models that allow the introduction of one to three new types of neutrinos (and the neutrinos that virtually do not interact with the particles of the SM) at co-variation of other cosmological model parameters.
III. THE MAIN CONCEPTS OF THE PHENOMENOLOGICAL (3+1+2)-MODEL OF NEUTRINO
Consider the formalism of neutrino mixing for the generalized model of weak interactions, in which there are three active neutrinos and three sterile neutrinos, that is (3 + 3)-model. This model can be easily reduced to the (3 + 2)-or even (3 + 1)-model by reducing the number of sterile neutrinos. Different types of sterile neutrinos will be distinguished by indexes x, y and z, while the additional massive states will be marked by indexes 1 ′ , 2 ′ and 3 ′ . The complete set of indices x, y and z will be denoted by s, and the set of indices 1 ′ , 2 ′ and 3 ′ will be denoted by the symbol i ′ . Then the 6 × 6 mixing matrix U can be represented by four 3 × 3 matrices S, T , V and W , so that
Neutrino masses will be given by using a set {m} = {m i , m i ′ }, where {m i } will be placed in a direct order as {m 1 , m 2 , m 3 }, while {m i ′ } will be placed in a reverse order as {m 3 ′ , m 2 ′ , m 1 ′ }. Unitary matrixŨ will not be considered here in the most general terms, but we restrict ourselves to some special cases, involving additional assumptions. Because the CP-violation in the lepton sector is not yet discovered experimentally [1] , we will consider the elements of the mixing matrix as real. Based on the available data of the cosmological and laboratory observations, we can assume that the mixing between the active and the sterile neutrinos is very weak. Besides, as the basis of massive sterile states we choose such states, for which the matrix W is the unit matrix. Leaving in the unitarity condition only the first-order terms in smallness that are contained in the matrices b and ∆U P MN S , we can write the matrices S, T and V in the form of S = U P MN S + ∆U P MN S , (6a)
The contributions from the matrix elements of ∆U P MN S in fact is taken into account by the experimental uncertainties of the matrix U P MN S itself. Allowing for that for the explanation of the existing neutrino flux anomalies the main interest is in the corrections to the flavor neutrino states ν e and ν µ associated with the most massive sterile state, the matrix b will be chosen for the IH-case as
while for the NH-case
where, on the basis of the available experimental constraints [4-6, 23, 24] , the quantities α, β, γ and δ are the small ones with the values, which are less in absolute value than 0.2. In addition, highlighting among the masses of sterile neutrinos the greatest one, we will assume that the masses of the other sterile neutrinos are less, at least one order of magnitude. This choice of masses is consistent with the estimates of the masses of sterile neutrinos given in the next section. Therefore, using the received distribution of the sterile neutrino on their masses, the (3 + 3)-model in this case can be called as (3 + 1 + 2)-model of active and sterile neutrinos.
IV. PHENOMENOLOGICAL ESTIMATES OF THE NEUTRINO MASSES
As is known, the problem of appearance of the masses of fundamental fermions, which are very different to each other by their mass values, remains still unsolved. In the framework of the minimally-extended standard model (MESM), these masses appear due to Yukawa links between the fields of the fundamental fermions and the Higgs field. However, the values of the neutrino masses are very small, so probably a mechanism of their appearance is basically related to the Majorana nature of neutrinos. In this case, the main task is to determine the special mechanism of formation of the masses of Majorana neutrinos. In the absence of a satisfactory theory of this phenomenon, the problem was considered at the phenomenological level by many authors [10, [25] [26] [27] [28] . Based on the results of Ref. [10] , we use the following estimates of the absolute values of masses of the light active neutrinos m i (i = 1, 2, 3) in eV, for the NH-case and the IH-case, respectively,
Mass estimates for the right neutrinos M i for these two cases result in the following values, respectively,
where Λ 1,3 are the free parameters of the order of 1 eV. As was noted above, it is possible to compare the right neutrinos ν Ri (i = 1, 2, 3) to massive sterile neutrinos
, that is the masses M i to masses m i ′ . This leads to the existence of three sterile neutrinos, two from which are light and one is a relatively heavy with mass of the order of 1 eV. Light right sterile neutrinos together with light left neutrinos can form quasi-Dirac neutrinos. The case of three light active neutrinos, one heavier sterile neutrino and two light sterile neutrinos has been called in Ref. [10] as the (3 + 2 + 1)-model. This model can be reduced if necessary to the (3 + 1 + 1)-or even to the (3 + 1)-model, excluding the required number of light right neutrinos, which are singlets of the gauge group of the weak and electromagnetic interactions SU (2) L × U (1) Y .
V. OSCILLATIONS OF ACTIVE AND STERILE NEUTRINOS ALLOWING FOR THEIR INTERACTION WITH THE MATTER IN THE SUN
Let us write the well-known equations for the amplitudes of the neutrino propagation in the medium in the case of three active neutrinos [29] :
where m 0 is the lowest value from the neutrino masses, that is m 1 for the NH-case and m 3 for the IH-case and N e (r) is the electron density in the medium, in which the neutrino propagates.
Generally, when the number of different types of neutrinos is 3 + N , via the mixing matrixŨ we can define a matrix∆ m 2 as∆
with ∆ m 2 = diag{m Solving these equations inside the Sun by using the electron density N e (r) and the neutron density N n (r) obtained in the standard solar model (SSM) [30] and then locally averaging these solutions, which oscillate rapidly as a function of the radial variable r, we can find the average survival probability of electron neutrino and the appearance of another neutrino flavors, depending on the distance from the center of the Sun for different neutrino energies. The main interest here are the yield probabilities P i (i = e, µ, τ, x, y, z) of the neutrino fluxes of different flavors on the surface of the Sun, which are shown in the figures. For example, Figs. 1a and 1b show the energy dependence of the probability for the survivability of electron neutrino and appearance of muon and tau neutrinos in the energy range from 0.85 to 15 MeV for the NH-case and the IH-case, respectively. At the same figures for comparison the same quantities obtained in the model with only three active neutrinos, that is, in the absence of contributions of sterile neutrinos are also shown. We can see that in the model with sterile neutrinos for the IH-case of the neutrino mass spectrum the probability of survivability of electron neutrinos in the region from 2 to 15 MeV increases. This result is close to the observational data obtained in Refs. [29, 31, 32] than the result of the model with only three active neutrinos. This result can be interpreted in favor of the existence of sterile neutrinos and continuation of their search (see, for example, Ref. [33] ), as well as the realisation of the IH-case, that is the inverse hierarchy of the neutrino masses. Preference of the IH-case was also noted in Ref. [10] as a consequence of µ − τ -symmetry of the neutrino mass matrix.
The probabilities of appearance of sterile neutrinos shown in Fig. 2 for the IH-case are by 2÷3 orders of magnitude lower than the appearance probabilities of muon and tau neutrinos, and the contribution of the heavier sterile neutrino is about five times larger than the contributions of light sterile neutrinos in the whole energy range. This interesting fact is a characteristic feature of the (3 + 1 + 2)-model.
VI. CONCLUSION
Properties of neutrinos are very mysterious and intensive theoretical and experimental studies are required to determine the nature and characteristics of these elementary particles. Construction and development of adequate phenomenological models of neutrinos, which generalize the SM in the neutrino sector, is one of the ways for interpretation and prediction of the experimental results, and also searching the GUT. It is therefore of great interest to verify the existence of relatively light sterile neutrinos, the determination of their number, as well as determination of the absolute mass scale for both active and sterile neutrinos.
In this work, to study the properties of active and sterile neutrinos a phenomenological (3 + 1 + 2)-model was used with three active neutrinos and with three sterile neutrinos, one from which is more massive and the two others are much lighter [10] . The model allows the reducing the number of sterile neutrinos in the case if independent experimental constraints on their number will be established. While considering the oscillations of active and sterile neutrinos in the solar medium, the density profiles of the electrons and neutrons obtained in the SSM [30] were used. The results show that the resonance effects in the solar medium with allowance for the sterile neutrinos increase the probability of survivability of electron neutrinos at energies higher than 2 MeV in the case of inverse hierarchy of the mass spectrum of active neutrinos, that improves in the case of Sun the agreement with the existing observational data. This result favours for existence of sterile neutrinos and realisation of the IH-case for the mass spectrum of active neutrinos. A characteristic feature of the considered (3 + 2 + 1)-model is also a significant excess of the probability of appearance of a heavier sterile neutrino with respect to the probabilities of light sterile neutrinos in the whole energy range from 0.85 to 15 MeV.
